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COMMENT ON THE PHOTON NUMBER BOUND AND RAYLEIGH
SCATTERING
JE´RE´MY FAUPIN AND ISRAEL MICHAEL SIGAL
Abstract. We discuss photon number bounds for a system of non-relativistic particles coupled to
the quantized electromagnetic field (non-relativistic QED), below the ionization threshold. Such a
bound was assumed in the proof of asymptotic completeness for Rayleigh scattering in our paper
[3] (Condition (1.20) of Theorem 1.3 in [3]). We show how this assumption can be weakened and
verified for a class of hamiltonians.
1. Introduction
In this note we discuss photon number bounds for non-relativistic particle systems coupled to
quantized electromagnetic or phonon field. (We use the term photon for both photon and phonon.)
Such a bound was first proved by W. De Roeck and A. Kupiainen in [2] for the spin-boson model
and a variant of such a bound was assumed in our proof of asymptotic completeness below the
ionization threshold, i.e. for Rayleigh scattering, in [3]. Specifically, we assumed that the photon
number is bounded uniformly in time (Condition (1.20) of Theorem 1.3 in [3]). In this note we
show how this assumption can be weakened and verified for a class of hamiltonians.
In [3] we consider the dynamics generated by the Hamiltonian (here and in what follows we use,
without mentioning it, the notation of the paper [3])
H = Hp +Hf + I(g), (1.1)
acting on the state space H := Hp ⊗F . Here, Hp is the particle state space, F is the bosonic Fock
space based on the one-photon space L2(R3), Hp is a self-adjoint Hamiltonian acting on Hp, and
Hf := dΓ(ω) (where ω(k) = |k| is the photon dispersion law and k is the photon wave vector) is
the photon Hamiltonian acting on F .
The operator I(g), acting on H, represents an interaction energy labeled by a coupling family
g(k) of operators acting on Hp. It is of the form
I(g) :=
∫
(g∗(k)⊗ a(k) + g(k) ⊗ a∗(k))dk, (1.2)
with a∗(k) and a(k) the creation and annihilation operators acting on F . The coupling operators
g(k) are assumed to satisfy
‖η|α|∂αg(k)‖Hp . |k|
µ−|α|ξ(k), |α| ≤ 2, (1.3)
where ξ(k) is an ultraviolet cutoff (a smooth function decaying sufficiently rapidly at infinity) and η
is an estimating operator (a bounded, positive operator with unbounded inverse) on Hp, satisfying
‖η−nf(H)‖ . 1, (1.4)
for any n = 1, 2 and f ∈ C∞0 ((−∞,Σ)), where Σ is the ionization threshold.
The proofs presented here, as well as - as was mentioned in [3] - those in [3], can be extended
to the minimal coupling model with the standard quantum Hamiltonian (see [1] for the notations
used)
H =
n∑
j=1
1
2mj
(
− i∇xj − gjAκ(xj)
)2
+ V (x) +Hf .
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Let ψt = e
−itHψ0 be the solution of the Schro¨dinger equation i∂tψt = Hψt with an initial
condition ψ0 ∈ Ran E(−∞,Σ)(H). The assumption (1.20) of Theorem 1.3 of [3] states that
• For any ψ0 ∈ D(N
1/2) and uniformly in t ∈ [0,∞),
‖N1/2ψt‖ . ‖N
1/2ψ0‖+ ‖ψ0‖. (1.5)
It can be weakened to one of the following conditions:
(i) (1.5) holds only for initial states ψ0 ∈ f(H)D(N
1/2), with f ∈ C∞0 ((Egs,Σ)),
(i’) There exists a set D such that D∩D(dΓ(ω−1/2〈y〉ω−1/2)
1
2 ) is dense in RanE(−∞,Σ)(H) and,
for any ψ0 ∈ D,
‖dΓ(ω−1)
1
2ψt‖ . C(ψ0), (1.6)
uniformly in t ∈ [0,∞), where C(ψ0) is a positive constant depending on ψ0.
Condition (i) deals only with states below the ionization threshold, while (i’) does not specify the
dense set of ψ0’s and, as a result, can be verified for the massless spin-boson model by modifying
slightly the proof of De Roeck and Kupiainen in [2]. Hence the asymptotic completeness in this
case holds with no implicit conditions.
To verify (1.6) for the spin-boson model, we proceed precisely in the same way as in [2], but
using the stronger condition on the decay of correlation functions,∫ ∞
0
dt (1 + t)α|h(t)| <∞, with h(t) :=
∫
R3
dk e−it|k|(1 + |k|−1)|g(k)|2, (1.7)
for some α ≥ 1, instead of Assumption A of [2], and bounding the observable (1 + κdΓ(ω−1/2))2
instead of eκN . Assumption C of [2] on initial states has to be replaced in the same manner.
Assuming that (1.3) is satisfied with µ > 0 (and η = 1), we see that (1.7) holds with α = 1 + 2µ.
The form of the observable eκN enters [2] through the estimate ‖Ku,v‖⋄ ≤ λ
2C|h(u − v)| of the
operator Ku,v defined in [2, (3.4)] and the standard estimate [2, (4.36)]. Both extend readily to our
case (the former, with h(t) given in (1.7)). Moreover, [2, (4.36)] is used in the proof that pressure
vanishes - Eq (4.39) in [2] - and the latter also follows from our Proposition A.1. (We can also use
the observable Γ(ω−λ) = dΓ(−λ lnω) and analyticity - rather than perturbation - in λ.).
Now we comment on the modifications needed in order to prove the result of Theorem 1.3 of
[3] under the new assumptions. These modifications concern only the proof of the existence of the
Deift-Simon wave operators given in Theorem 5.1 of [3].
• To prove Theorem 5.1 under Assumption (i), we need minor modifications in the proof,
relying on slightly strengthened Lemma 5.2, by using a new estimate on the growth of the
observable N2 (in addition to N).
• The proof of Theorem 5.1 under Assumption (i’) is analogous to the one for Assumption
(i). The only difference is that we do not need to introduce an artificial cutoff in the
number operator. Instead we use additional ‘weighted’ propagation estimates, which are
straightforward modifications of the estimates (3.3)–(3.4) in [3].
In the next two sections we present detailed modifications in our proof in [3], needed to prove
asymptotic completeness for Rayleigh scattering under either Assumption (i) or (i’).
We use the notation ‖ψ‖2ρ := ‖(dΓ(ω
ρ) + 1)
1
2ψ0‖ from [3].
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2. Adjustments in Proof of Theorem 5.1 under Condition (i)
The part of Theorem 5.1 which requires a modification is showing that
• the family W (t) := eiHˆtΓˇ(j)e−iHt form a strong Cauchy sequence as t→∞.
We present here the corresponding changes. Let ψ0 ∈ f(H)D(dΓ(ω
−1)1/2), f ∈ C∞0 ((Egs,Σ)).
Lemma 2.1, proven below, implies that
W (t)ψ0 = e
iHˆtf1(Hˆ)Γˇ(j)e
−iHtf1(H)ψ0 +O(t
−α+ 1
2+µ ‖ψ0‖−1), (2.1)
where f1 ∈ C
∞
0 ((Egs,Σ)) is such that f1f = f . Hence, since our conditions on α imply α > 1/(2+µ),
it suffices to show that
W˜ (t) := eiHˆtf1(Hˆ)Γˇ(j)e
−iHtf1(H)
form a strong Cauchy sequence as t → ∞. This is done exactly as in [3] for W (t). It remains to
prove the following lemma which is strengthening of the corresponding lemma (Lemma 5.2) of [3].
The rest of the proof of Theorem 5.1 of [3] under Assumption (i) is exactly the same as in [3]. 
Lemma 2.1. Assume (1.3) with µ > 0 and (1.4). For any f ∈ C∞0 (∆), ∆ ⊂ (Egs,Σ), and
ψ0 ∈ RanE∆(H) ∩D(dΓ(ω
−1)1/2),
‖(Γˇ(j)f(H) − f(Hˆ)Γˇ(j))ψt‖ . t
−α+ 1
2+µ ‖ψ0‖−1. (2.2)
Proof. Using the Helffer-Sjo¨strand formula, we compute Γˇ(j)f(H)ψt − f(Hˆ)Γˇ(j)ψt = R, where
R :=
1
pi
∫
∂z¯ f˜(z)(Hˆ − z)
−1(HˆΓˇ(j)− Γˇ(j)H)(H − z)−1ψt dRe z dIm z, (2.3)
and f˜ is an almost analytic extension of f with the usual properties. We have HˆΓˇ(j) − Γˇ(j)H =
G˜0 − iG1, where G˜0 := UdΓ(j, ωj − jω) and G1 := (I(g) ⊗ 1)Γˇ(j)− Γˇ(j)I(g).
We consider G˜0. We have ωj − jω = ([ω, j0], [ω, j∞]), and, by Corollary B.3 of Appendix B of
[3],
[ω, j#] =
θǫ
ctα
j′# + r, (2.4)
where j# stands for j0 or j∞, j
′
# is the derivative of j# as a function of
bǫ
ctα , and r satisfies
‖r‖ . t−2α+κ. Since θǫ ≤ 1 and since κ < α, we deduce that [ω, j#] = O(t
−α). By (C.2) of
Appendix C of [3], we then obtain that
‖G˜0(N + 1)
−1‖ = ‖(Nˆ + 1)−
1
2 G˜0(N + 1)
− 1
2 ‖ . t−α.
The equality above follows from (Nˆ + 1)−1/2G˜0 = G˜0(N + 1)
−1/2. Using, for instance, that H ∈
C1(N), we verify that ‖(N + 1)(H − z)−1(N + 1)−1‖ . |Im z|−2, and hence
‖G˜0(H − z)
−1ψt‖ . t
−α|Imz|−2‖(N + 1)ψt‖. (2.5)
Now, we need the following result, which is a consequence of the low-momentum bound (A.1) of
[3] and whose proof is given below: Under (1.3) with µ > 0, we have that
‖Nψt‖ . t
1
2+µ ‖ψ0‖−1, (2.6)
provided ψ0 ∈ f(H)D(dΓ(ω
−1)1/2), with f ∈ C∞0 (R). Applying this estimate, we obtain
‖G˜0(H − z)
−1ψt‖ . t
−α+ 1
2+µ |Imz|−2‖ψ0‖−1. (2.7)
As in (5.30)–(5.31) of [3], we have in addition
‖G1(N + 1)
− 1
2E∆(H)‖ . t
−(µ+ 3
2
)α,
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and hence, using, as above, that ‖(N + 1)1/2(H − z)−1(N + 1)−1/2‖ . |Im z|−2, we obtain
‖G1(H − z)
−1ψt‖ . t
−(µ+ 3
2
)α|Imz|−2‖ψ0‖N . (2.8)
From (2.3), (2.7), (2.8), the properties of the almost analytic extension f˜ and the estimate
‖(H − z)−1‖ . |Imz|−1, we conclude that (2.2) holds
Finally we prove (2.6). By the Cauchy-Schwarz inequality, we have N2 ≤ dΓ(ω)dΓ(ω−1), and
hence
〈N2〉ψt ≤ 〈dΓ(ω
−1)
1
2dΓ(ω)dΓ(ω−1)
1
2 〉ψt
= 〈dΓ(ω−1)
1
2dΓ(ω)(H − Egs + 1)
−1dΓ(ω−1)
1
2 (H − Egs + 1)〉ψt
+ 〈dΓ(ω−1)
1
2dΓ(ω)[dΓ(ω−1)
1
2 , (H − Egs + 1)
−1](H − Egs + 1)〉ψt .
Under Assumption (1.3) with µ > 0, one verifies that dΓ(ω)[dΓ(ω−1)
1
2 , (H−Egs+1)
−1] is bounded.
Since dΓ(ω)(H − Egs + 1)
−1 is also bounded, we obtain
〈N2〉ψt . ‖dΓ(ω
−1)
1
2ψt‖
(
‖dΓ(ω−1)
1
2 (H − Egs + 1)ψt‖
+ ‖(H − Egs + 1)ψt‖
)
. (2.9)
Applying Proposition A.1 of [3] gives
‖dΓ(ω−1)
1
2ψt‖ . t
1
2+µ ‖ψ0‖+ ‖dΓ(ω
−1)
1
2ψ0‖, (2.10)
and
‖dΓ(ω−1)
1
2 (H − Egs + 1)ψt‖ . t
1
2+µ ‖ψ0‖+ ‖dΓ(ω
−1)
1
2 (H − Egs + 1)ψ0‖
. t
1
2+µ ‖ψ0‖+ ‖dΓ(ω
−1)
1
2ψ0‖, (2.11)
where we used in the last inequality that dΓ(ω−1)
1
2 f˜(H)dΓ(ω−1)−
1
2 is bounded for any f˜ ∈ C∞0 (R)
(this can be verified, for instance, by using that H ∈ C1(dΓ(ω−1))). Combining (2.9), (2.10) and
(2.11), we obtain (2.6) . This completes the proof of Lemma 2.1. 
3. The proof of the existence of W+ under Assumption (i
′)
The proof of the existence ofW+ under Assumption (i’) is similar to the proof under Assumption
(i), except that we do not need to introduce the cutoff χm. We use instead the following weighted
propagation estimates, which are straightforward extensions of the estimates of Theorem 3.1 of [3]:∫ ∞
1
dt t−β‖dΓ(ρ∗1χ bǫ
ctβ
=1ρ1)
1
2ψt‖
2 . ‖ψ0‖
2, (3.1)
for µ and β as in Theorem 3.1 and any ψ0 ∈ H, and, if in addition Assumption (i’) holds,∫ ∞
1
dt t−β‖dΓ(ω−1/2χ bǫ
ctβ
=1ω
−1/2)
1
2ψt‖
2 . C(ψ0), (3.2)
and ∫ ∞
1
dt t−β‖dΓ(ρ∗−1χ bǫ
ctβ
=1ρ−1)
1
2ψt‖
2 . C(ψ0), (3.3)
for any ψ0 ∈ D. Here ρν := χθ
1/2
ǫ ων/2 (recall that χ ≡ χ( |y|
c¯t
)2≤1
). Likewise, under Assumption (i’)
the proof of the maximal velocity estimate of [1], in the form (1.9) of [3], can easily be extended to
the following weighted maximal velocity estimate:∥∥dΓ(ω−1/2χ|y|≥c¯tω−1/2) 12ψt∥∥ . t−γ(∥∥(dΓ(ω−1/2〈y〉ω−1/2) + 1) 12ψ0∥∥+ C(ψ0)), (3.4)
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for any c¯ > 1, γ < min(µ2
c¯−1
2c¯−1 ,
1
2) and ψ0 ∈ D ∩D(dΓ(ω
−1/2〈y〉ω−1/2)
1
2 ).
We only mention that to obtain for instance (3.2), we estimate the interaction term using the
estimate (2.11) of [3] with δ = −1/2 together with Lemma B.6 of Appendix B of [3] and (1.6).
Now, let ψ0 ∈ D ∩ D(dΓ(ω
−1/2〈y〉ω−1/2)
1
2 ). We decompose (W˜ (t′) − W˜ (t))ψ0 as in Equations
(5.15)–(5.20) of [3]. Using the commutator estimates of Appendix B of [3] and Hardy’s inequality,
we verify that
ρ∗−1(j
′
0, j
′
∞)ρ1 = θ
1/2
ǫ χ(j
′
0, j
′
∞)χθ
1/2
ǫ +O(t
−α+(1+κ)/2),
and likewise for the remainder terms remt. Hence Equations (5.19)–(5.20) of [3] can be transformed
into
dj =
1
ctα
ρ∗1(j
′
0, j
′
∞)ρ−1 + ω
1/2rem′t ω
−1/2 (3.5)
rem′t = remt +O(t
−2α+(1+κ)/2), (3.6)
where remt is given in (5.20) of [3]. These relations give
G0 = G˜
′
0 +Rem
′
t, (3.7)
where G˜′0 :=
1
ctαUdΓ(j, c˜t), with c˜t = (c˜0, c˜∞) := (ρ
∗
1j
′
0ρ−1, ρ
∗
1j
′
∞ρ−1), and
Rem′t := G0 − G˜
′
0 = UdΓ(j, rem
′
t).
Next, we consider A˜ = sup‖φˆ0‖=1 |
∫ t′
t ds〈φˆs, G0ψs〉|, where φˆs = e
−iHˆsf(Hˆ)φˆ0. Let
a0 = ρ
∗
1|j
′
0|
1/2, b0 = |j
′
0|
1/2ρ−1,
a∞ = ρ
∗
1|j
′
∞|
1/2, b∞ = |j
′
∞|
1/2ρ−1.
We have c˜0 = −a0b0, c˜∞ = a∞b∞. Exactly as for (C.1) of Appendix C of [3], one can show that, if
c = (a0b0, a∞b∞), where a0, b0, a∞, b∞ are operators on h, then
|〈φˆ,dΓˇ(j, c)ψ〉| ≤ ‖dΓ(a0a
∗
0)
1
2 ⊗ 1φˆ‖‖dΓ(b∗0b0)
1
2ψ‖
+ ‖1⊗ dΓ(a∞a
∗
∞)
1
2 φˆ‖‖dΓ(b∗∞b∞)
1
2ψ‖. (3.8)
Hence G˜′0 satisfies
|〈φˆ, G˜′0ψ〉| ≤
1
ctα
(
‖dΓ(a0a
∗
0)
1
2 ⊗ 1φˆ‖‖dΓ(b∗0b0)
1
2ψ‖
+ ‖1⊗ dΓ(a∞a
∗
∞)
1
2 φˆ‖‖dΓ(b∗∞b∞)
1
2ψ‖
)
. (3.9)
By the Cauchy-Schwarz inequality, (3.9) implies∫ t′
t
ds|〈φˆs, G˜
′
0ψs〉| .
(∫ t′
t
ds s−α‖dΓ(a0a
∗
0)
1
2 ⊗ 1φˆs‖
2
) 1
2
( ∫ t′
t
ds s−α‖dΓ(b∗0b0)
1
2ψs‖
2
) 1
2
+
(∫ t′
t
ds s−α‖1⊗ dΓ(a∞a
∗
∞)
1
2 φˆs‖
2
) 1
2
(∫ t′
t
ds s−α‖dΓ(b∗∞b∞)
1
2ψs‖
2
) 1
2
.
Since a0a
∗
0 and a∞a
∗
∞ are of the form ρ
∗
1χbǫ=ctαρ1, the weighted minimal velocity estimate (3.3)
implies ∫ ∞
1
ds s−α‖d̂Γ(c#1c
∗
#1)
1
2 φˆs‖
2 . ‖φˆ0‖
2,
where d̂Γ(c#1c
∗
#1)
1
2 stands for dΓ(a0a
∗
0)
1
2 ⊗ 1 or 1 ⊗ dΓ(a∞a
∗
∞)
1
2 . Likewise, since b∗0b0 and b
∗
∞b∞
are of the form ρ∗−1χbǫ=ctαρ−1, the weighted minimal velocity estimate (3.1) implies∫ ∞
1
ds s−α‖dΓ(c∗#2c#2)
1
2ψs‖
2 . C(ψ0),
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with c#2 = b0 or b∞. The last three relations give
sup
‖φˆ0‖=1
|
∫ t′
t
ds 〈φˆs, G˜
′
0ψs〉| → 0, t, t
′ →∞. (3.10)
Applying likewise Lemma C.2 of Appendix C of [3], one verifies that Rem′t satisfies
|〈φˆ,Rem′tψ〉| . ‖φˆ‖
(
t−2α+(1+κ)/2‖dΓ(ω−1)
1
2ψ‖+ t−1‖dΓ(ω−1/2χj′∞χω
−1/2)
1
2ψ‖
+ t−α‖dΓ(ω−1/2χ2
(
|y|
c¯t
)2≥1
ω−1/2)
1
2ψ‖
)
.
Using (1.6), the weighted minimal velocity estimate (3.2) and the weighted maximal velocity esti-
mate (3.4), we conclude that
sup
‖φˆ0‖=1
|
∫ t′
t
ds 〈φˆs,Rem
′
sψs〉| → 0, t, t
′ →∞. (3.11)
Equations (3.10) and (3.11) then imply
A˜ = ‖
∫ t′
t
ds f(Hˆ)eiHˆsG0ψs‖ → 0, t, t
′ →∞. (3.12)
The estimate of G1 is the same as in the proof of Theorem 5.1 of [3], which shows that W˜ (t),
and hence W (t), are strong Cauchy sequences. Thus the limit W+ exists. 
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